FILTERED ALGEBRAIC ALGEBRAS 



ALON REGEV 



Abstract. Small and Zclmanov posed the question whether every element 
of a graded algebra over an uncountable field must be nilpotent, providcd 
that the homogcneous elements are nilpotent. This question nas recently been 
answered in the negative by A. Smoktunowicz. In this paper we prove that 
the answer is affirmative for associated graded algebras of filtered algebraic 
algcbras. Our result is based on Amitsur's theorems on algebas over infinitc 
fields. 

MSC: 16S15, 16U99. 

1. Introduction 
Throughout this paper, fc is a field and A is a fc-algebra. 

Definition 1.1. (l)IfAisa fc-algebra, we say that A is nil if every element 
of A is nilpotent. 

(2) If A is a graded fc-algebra, we say that A is graded-nil if every homogeneous 
element of A is nilpotent. 

Clcarly, every nil, graded algebra is graded-nil. The question of whether the con- 
verse to this statement is true has been of some interest. Bartholdi [2] constructed 
a graded-nil but not nil algebra over a countablc field. Small and Zelmanov [4] 
posed the question whether, for an uncountable field, every graded-nil algebra is 
nil. This was answered in the negative by A. Smoktunowicz [7], who constructed 
an algebra over any field which is graded-nil but not nil. 

Let A be a filtered fc-algebra. That is, there exist subspaces Fq C F\ C . . . of A, 
such that \J i>0 Fi = ^ an< ^ RFj C F i+ j for all i,j > 0. The associated graded 
algebra of A is defined as follows. 

Definition 1.2. If A is a fc-algebra filtered by {F n } n >o, then the associated graded 
algebra of A (with respect to this filtration) is 

(1-1) gr^HFo©^©^©..., 

with multiplication defined as follows. For p, q > 0, if a p + F p _i and 

a q + F q -x, with a p € F p and a q are arbitrary homogcneous elements of 

gr(A) (taking F_i = {0}) then 

(1.2) (op + F p _i)(a q + Fg-i) = a p a q + F v+q - X , 

This multiplication is extended lincarly to arbitrary elements of gv{A). 
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Wc dcfinc 

(1-3) (grA)>! 

Our main result states that 

Theorem 1.3. If k is uncountable and A is algebraic then (grj4)>i is nil. 

Thus, being gradcd-nil does imply being nil, for associated gradcd algcbras of al- 
gebraic algebras over uncountable fields. This result is based on the Amitsur's 
Theorem 11.51 below. 

Definition 1.4. (1) If A is a nil fc-algebra, we say that A is locally of bounded 
index (LBI) over k if the elements of every fimte-dimensional A:-subspacc 
of A have bounded index of nilpotencc. 
(2) If A is an algebraic fc-algebra, we say that A is locally of bounded degree 
(LBD) over k if the elements of every finite-dimensional fc-subspace of A 
have bounded degree of algebraicity. 

In [T] Amitsur provcd 

Theorem 1.5 ([IJ Theorem 5]). Let k be an uncountable field and let A be a 
k-algebra. If A is nil then it is LBI. If A is algebraic then it is LBD. 

In fact, Amitsur proved the following strongcr statements: 

Theorem 1.6 ([H Corollary 7]). Let k be an uncountable field and let A be a k- 
algebra. Then any nil subspace of A has bounded index, and any algebraic subspace 
of A has bounded degree. 

In [] , we use the properties of order-symmetric polynomials to give an alternativc 
proof of Theorem ll.61 In this paper, we use these properties, along with Theorem 
11.61 itself. to prove Theorem II. 31 

This paper is part of the author's Ph.D. dissertation at the University of California, 
San Diego under the supervision of Lance Small, to whom he wishes to express his 
warm thanks. 

2. The polynomials Pi lt ...,i m 

Throughout this paper k is a field and k(xi, . . . , x rn ) is the associative algebra of 
the noncommutativc polynomials in x\,. . . ,x m . Note that if A — k(xi, . . . ,x m ) 
then 

oo 

(2.1) A = 04, 

n=0 

where A n are the homogeneous polynomials in Xi, . . . , x m of total degree n. 
Given a sequence ii, . . . ,i m of nonnegative integers, there are j~yf^| different 
noncommutativc monomials in xi,...,x m of degree ij in Xj, 1 < j < m. For 
example let m = 2 = i\ = 12, then the ^"ffi" = 6 monomials of degree 2 in X\ and 
in X2 are x\x\, x\XiX\X2, x\x\x\, X2x\x2, X2X\X2X\ and x\x\. 

The polynomials Pi u ...,i m (xi, x m ) are defined, for any i\, . . . ,ik S N, as follows. 




to be the sum of all the 



(n + ...+i m y. 



Definition 2.1. We define Pi 1} ...,i m (x±, . . . , 
different monomials consisting of exactly ij occurrences of Xj for each j. We take 
Po,... ,0(^1, . . .,x m ) = 1. 

Definition 2.2. For any n > 0, any field k and any x\, . . . , x m denote 
(2.2) P n (xi,. . .,x m ) = span fe {p ili ... i j m (a;i, . . . ,x m ) | h + ... + i m = n}. 

The polynomials pi 1 j m can be used as follows. It is well known that for 

ƒ = a 1 x 1 + . . . + a m x m , 



(2.3) f 



l<7l,~ ,3n<™ 



( a 3l X jl ) ' ' ' \P-jtl X jn ) 



E 

l<jl,—,jn<™ 



Lemma 2.3. Let ai, ... , a m £ k and let ƒ = a,\X\ + . . . + a m x rn . 



Then 



(2.4) 



ƒ" 



E 



■Ph, 



L (xi , . . . , Xm). 



Proof. This follows from ()2.3j) and Dcfinition l2.H since for each monomial a;^ 
that appears in p^ im , the coëfficiënt aj 1 •■•oij n in (|2.3p is equaltoa^ 1 •••a£ 

Let W = span^Kai^! + . . . + a m a; m ) Tl | a 1; . . . , a rra £ k}. By Lemma 
P n (xi, . . . , x m ). We will show: 



*. □ 
W C 



i x rri) • 



Proposition 2.4. ƒƒ |fc > n + 1 tóen W = P n (x\, 

This is a consequence of the fundamental Proposition 12.61 below. We include its 
proof here for completion, although it has been used in the past (see [5] , |ü] ) . We 
begin with the following generalization of a basic "Vandermondc argument" . 

Lemma 2.5. Let V be a vector space over a field k, let vo, ■ ■ ■ , va £ V and let 
Co 7 ■ ■ ■ j Cd € k be d + 1 distinct field clements. Let W be a subspace ofV. Lf 

d 

(2.5) 

i=0 

for all j 6 {0, . . . , d}, then v { £ W for all i £ {0, . . . , d}. 
Proof. We write the condition (|2 . 5[) in matrix form as follows: 
/ 1 Co • ■ • C d \ / v \ ( w \ 



i Ci 
1 : 
V 1 Cd 



£1' 



C d d / 



V v d j 



\w d J 



where Wj £ W. The multiplying matrix is a Vandermondc matrix, known to be 
invertible when the Cï are distinct. Multiplying by the inverse matrix, we obtain 
Vi £ W for alH e {0, . . . , d}. □ 

Proposition 2.6. Let k be a field with \k\ > n + 1, let W CV be k-vector spaces, 



id let {i 



Mi 



+ fJ-r 



n} be a set of vectors in V . Assume that 



(2.6) 



E 



e W 



fj,i+...+fj, m =n 



for all oh £ k. Then all tlim £ W. 



Proof. Wc prove the claim by induction on m. Whcn m = 1, cquation (|2.6p bccomes 
a^Wn £ W. Since |fc| > n+1 > 2, choose ^ a\ £ k. By assumption a^Wn £ W. 
Sincc W is a vector space, this implics that w n £ W as claimed. 

Assume now that the assertion is true for m — 1. Write (|2.6|) as follows. Let r = \x\, 
then 

n 

(2-7) E 0? I -< m «'Mi,-,M»=Ê«ï-«rGW; 

/^i+...+/i m =r» r=0 

where 

(2.8) w r = E a% 2 ■■■a% n w r ,ii 2 ,...,ti m . 

H2+--+fim=n—r 

By Lemma 12.51 all w r £ W. Therefore by the induction assumption on m — 1, all 
w r . Mlv ..^ m £ W. Thus the assertion is true for m, and the inductive step is com- 
plete. □ 

The proof of Proposition [2751 now follows from Lemma \2. 31 and from Proposi- 
tion ESI 



Corollary 2.7. Let A be a k-algebra with \k\ > n + 1 and let a\, . . . , a m £ A. Let 

W C A be a subspace of A. If 

(2.9) (a iai + ... + a m a m ) n £ W 

for all a\, . . . , a m £ k then P n (a\, . . . , a m ) C W. 

Proof. Let W x = W(xi, ■ . ■ ,x m ) = span fe {(aia;i + . . . + a m x m ) n \ ai, . . . , a m £ k}, 
and similarly W a = W(ai, .. ., a m ) = span fe {(aiai + . . . + a m a m ) n \ 
k}, so by assumption W a C W. Since \k\ > n + 1, by Proposition 12.41 W-r = 
P n {x\, . . . ,x m ). Substituting x r by a r implies that W a = P n {a\, . . . ,a m ), which 
completes the proof. □ 

Proposition 2.8. Let A be an algebra over an infinite field k, and let Oi, ... , a m £ 
A. Then the subspace U = ka\ + . . . + ka m C A is nil of bounded index < n, if and 
only ifP n (ai, . . . ,a m ) = {0}. 

Proof. By defmition U = kaï + . . . + ka m is nil of bounded index < n if and 
only if for all ai, . . . , a m £ k. (aidi + . . . + a m a m ) n = 0. Thus the "if part 
of the proposition follows from Lemma 12.31 and the reverse assertion is a direct 
consequence of Corollary 12 . 71 with W = {0}. □ 

3. Algebraicity of bounded degree 
Recall the space P n (xi, . . . , x m ) of Defmition 12.21 
Defmition 3.1. We denote 

r r 
P<r {x\ , . . . 5 X 7n ) ^ ^ Pn (x\ , . . . , Xqrn) Pn (x\ 7 . . . ,X m ), 

n— 1 n— 1 

and 

oo oo 
P>r i • ' • i Xm) ^ * Pn (x± , . . . , X m ) d3 ^ >n (^ 1 ' ' ■ ' ' ^rri) • 



n=r 



Similarly, given a fc-algebra A and a±, . . . , a m £ A, let 

P< r (ai, . . . , a m ) = Yln=i Pn{a\, . . . , a m ) and P> r (ai, . . . , a m ) = J2^=r Pn(ai, ■ ■ ■ , a m ). 



Lemma 3.2. Let D > d. Let A be a k-algebra with \k\ > D + l and let ai, ... , a m G 
A. Assume that for all a±, . . . , a m G k, a±ai + . . . + a m a m is algebraic of degree at 
most d. Then Pu(oi, . . . , a m ) C P< d _ 1 (a 1 , . . . , a m ). 

Proof. Denote Pj = P/(ai, . . . , a m ) for any j, and denote P>j similarly. Let u 
' •■ i ii ■ + . . . + a m a m . By algebraicity u d is a lincar combination of lower powers 
of u, thercfore u d G P<d-i- By Corollarv 12.71 with W = P<d-i-, it follows that 
Pd C P< d _i. 

If D + 1 > <i + 2, wc can continue: By the same argument Pd+i C P<d, while the 
previous step implies that P<d C P< d _ 1; hence P2+1 C P< ( ^_ 1 . Continuing this 
way we finally get that Pd C P<d-i- O 

Corollary 3.3. Let k be infinite, let A be a k algebra and let a\, . . . , a m G A. If 

each element of kaï + . . . + ka m is algebraic of degree at most d then 

P> (ai, . . . , a m ) C P< d _x(ai, . . . , a m ) and in particular, dim fc P> (ai, ■ ■ ■ , a m ) < 

co. 



Definition 3.4. Denote 

M d 



d + m — 1 
m 



We note that 

(3.1) dim fc P„(a;i, . . . ,x m ) = 
and 

n 

(3.2) dim fc P< n {xi, . . . , x,„) = 2J dim fc P,- = 



777, + n — 1 

m — 1 



El i + m — 1 \ / n + m 

3=0 j=0 



^— ' \ m — 1 



Thus, given an algebra A and elements ai, . . . , a m € A, we have 
(3.3) dim^^ ) <M d 



.m • 



Lemma 3.5. If P<M d m (a>i, ■ ■ ■ ,a m ) C P< c ;„ 1 (ai, . . . ,a m ) for some d>l then the 
subspace ka\ + . . . + ka m is algebraic of degree at most Md,m- 

Proof. Let a = a\a\ + . . . + a m a m G ka\ + . . . + ka rn . Then by assumption, for any 
< n < Md,m we have (using Lemma 12.31 with xi replaced by a%) 

(3.4) a" G P„(ai, . . . ,a m ) C P<M im (ai. ■ ■ ■ ,a m ) C P< d _i( 
Thus 

(3.5) dim fc P k {a n | < n < M d , m } < dim k P< d _i(ai, . . . , a TO ) < M d , m . 

Therefore the set {a n | < n < Md, m } is linearly dependent over k, and hence a is 
algebraic of degree at most Md, m - □ 

The following corollaries are immediate. 

Corollary 3.6. /ƒ P>o(ai, ■ • ■ , a m ) ^= P<d— 1(0-1, . . . , ct m ) /or some d > 1 i/ien 
fcai + . . . + fea m is algebraic of degree at most M^m- 

Corollary 3.7. If dim/; P>o(ai, . . . , a m ) < oo then ka\ + . . . + ka m is algebraic of 
bounded degree. 



Wc can now prove 

Proposition 3.8. [31 Lemma 16(i)] Let A be an algebra over an infinite field k, 
and let 01, . . . , a m G A. Then the subspace ka± + . . . + ka m is algebraic of bounded 
degree if and only if dhrife(P>o(ai, ■ ■ ■ , a m )) < oo. 

Proof. One direction of the proof is given by Corollarv l3.3| and the opposite direc- 
tion - by Corollary 13.71 □ 

4. Filtered Algebraic Algebras 

Let A be a filtered fc-algebra with the filtration {F n } n >Q. We aim to prove that if 
k is uncountable and A is algebraic then every element of (gr A)>i is nilpotent. In 
particular, being graded-nil does imply being nil, for associated graded algebras of 
algebraic algebras over uncountable fields. 

Wc first note that from fll.2[l it follows (by induction) that if a Pl , . . . , a Pri satisfy 
a Pi G F Pi for all 1 < i < n then 

(4.1) (a Pl + F Pl -i)(a P2 +F P2 -i) ■ ■ ■ (a Pn + F Pn -i) = a Pl a P2 ■ ■ ■ a Pn + F Pl +,„+ Pn -x- 

We note the following properties of the order-symmetric polynomials in graded and 
filtered algebras. If the fc-algebra A is filtered by {F n } n >o and a p , . . . ,a g G A satisfy 
a,i G Fi for all p < i < q, then 

(4.2) Pi lt ...,i m {a p , . . . , a q ) G F HP+ ... +imq , 

where m = q — p + 1. Similarly, suppose B = @ i>0 Bi is a graded fc-algcbra. If 
fep, . . . , bg are m homogeneous elements with bi G Bi then 

(4-3) !>,■ ,.. [b p . . , . , bg) G B ilP+ ,,, + i mq . 

Now let A be a fc-algebra filtered by {F n } n >o and let B = gr(A) be its associated 
graded algebra. Let a p ,...,a q G A satisfy G Fi for each p < i < q, and let 
bi = ai + G B. We first note that by (|4.ip . if p < pj < q for all 1 < j < n then 

(4.4) b Pl ■ ■ ■ b Pn = a Pl ■ ■ ■ a Pn + F Pl+ ... +Pn _i. 

Thcrcfore if this product contains exactly ij occurrcnccs of bj for each 
p < j < q, then 

(4.5) b Pl ■ ■ ■ b Pn = a Pl ■ ■ ■ a Pn + -Fi p p+...+i 9 <j-i. 
Since each Pi (b p , . . . , b q ) is a sum of such products, we have 

(4-6) Pi p ,...,i q (K' ■■•,b q )= Pi p ,...,i q (ap, ...,a q ) + F pip+ ... +qiq ^ 1 . 

Theorem 4.1. Let A be a filtered k-algebra, with a filtration {-Fri})i>o- Let 
B = gx{A) be its associated graded algebra. If A is LBD, then B>\ is LBI. In 
particular, if k is uncountable and A is a filtered algebraic k-algebra then gr(A)>i 
is nil (and LBI). 

Proof. Let S be a finite-dimensional subspace of B. We may assume 
S = B p © . . . © Bg, with 1 < p < q, since every finite-dimensional subspace of £?>i 
is contained in a subspace of this form. Let b = b p + . . . + b q be any element of S, 
F- 

where fej G — — (we take F_i = {0}). That is, for each i G {p, . . . , q}, we have 
Fi-i 



bi = ai + Fi—i, with dj G Fi. By assumption, the subspace F p + . . . + F q is algebraic 
of boundcd degree, say d. Therefore by Corollarv l3.3l we have 

(4.7) P>o(a p , . . . , a q ) C P< d _i(a p , . . . , a q ). 

Now P<d_i(a p , . . . , a g ) is spanned by elements of the form p^,. ..,»„, (%>, . . . , a g ), with 
ii + . . . + i m = d — 1. Such ii, . . . ,i m satisfy i\p + . . . + i m q < q(d — 1). Therefore 
by (|4~2]) this implies 

(4-8) P>o(a p , ■ ■ ■ ,a q ) C F (d _ 1)q . 

Now let 

, s r(d-l)q 

4.9 N = ± + 

P 

and suppose i p + . . . + i q > N . Thcn 

(4.10) pi p + . . . + qi q - 1 > P N - 1 > (d - l)q. 

Therefore 

(4-11) Pi p ,...,i q (a p , - ■ ■ ,a q ) G F(d-i) 9 Q F pip+ . .. +qiq -\, 

and so 

(4.12) Pi p ,...,i q {b p , ..-,bq) = Pi p ,„„i q (a p , ...,a q ) + F pip+ ... +qiq „ 1 = B . 

Thus Pat(6i, ...,&„) = {Os}, and it follows from Proposition 12.81 that 

(b p + ... + b q ) N = 0. This shows that S is nil of boundcd index N. Thus B is LBI. 

The final statement follows from Theorcmll.51 □ 



Remark 4.2. We can use the bound N of (J479J) to derive a relation between the 
degrees of algebraicity in A and the indices of nilpotence in gr(A). Namely, if each 

Fi F r 

Fi is algebraic of boundcd degree at most di , then each —©•••© — is nil of 

boundcd index at most (d r — l)r + 1 < rd r . 

5. Integrality 

Definition 5.1. For a fc-algcbra A, let A[x] be the algebra of polynomials over x 
with cocfhcicnts in A. We say that an element a(x) G A[x] is integral of degree n 
over k[x) if a{x) n +p n -i(x)a(x) n ~ 1 + . . .+po(x) = for somc n > 1 and polynomials 
Pi(x) G fc[x]. 

Note that if a(x) is integral over fc[x] then in particular it is algebraic over /c(x), 
the field of rational functions over k. 

Lemma 5.2. Let A be a filter ed k- algebra, with filtration {A n } n >Q. Let 
R = 11>o i"A„ C A[x] be the Rees algebra. Let a(x) = a\x + ... + a rn x m G R, 
where ai G Ai, and suppose that a(x) is integral over k[x]. Then a(x) N G xR for 
some N > 0. 

Proof. Suppose a(x) is integral over k[x] of degree n. Then for any N > we have 

(5.1) a(x) N = q n ^ l {x)a(x) n - 1 +... + qi(x)a(x) + q (x) 

for some polynomials qi(x) G k[x]. Choose N > m(n— 1) + 1. The left-hand side of 
(|5.ip is in .T W A[a;]. The right-hand side is in A m ( n _i)[x] (i.e., it is a polynomial in 
x with cocfficients in the subspace ^4 m ( n -i))- Thus a(x) N G x A[x] O A m r n _x) [x] 
C x N A m{n _ 1) [x] C x N A N -! [x] C n > 1 a;™A n _i = siï. □ 



Corollary 5.3. Let A be a filtered algebra and suppose that every element of the 
Rees algebra R = @, i>0 x n A n is integral over k[x]. Then gr(A)>x is nil. 

Proof. The map <ft : gr(A) — » ^ defined by 

(j}(a + (ai + A ) + . . . + (a m + A m _i)) = a + a\X + . . . + a rn x m + xR 

is a graded-algebra isomorphism. Undcr this map, an element 

(ai+A ) + ... + (a m + A m -i) e gr(A)>i (a, <E Ai) corresponds to 

a\x + . . . + a rn x m + xR & By Lemma [5?2l all such elements are nilpotent. □ 

Remark 5.4. If A is a filtered fc-algcbra which satisfies the LBD property (for 
cxample, if k is uncountablc and A is algebraic over fc), then by p] Lemma 6], the 
extension algebra A ®k k(x) is LBD over k(x). 

This raises the following question. 

Question 5.5. If A <S>k k(x) is LBD over k(x), is every element of A[x] integral 
over k[x\l 

In view of Corollarv l5.3l fand since R C -<4[x]), a positive answer would give anothcr 
proof of Theorem 14.11 
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